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Abstract: At present, most controllers of quadrotor unmanned aerial vehicles(UAVs) use Euler angles to express attitude. These
controllers suffer a singularity problem when the pitch angle is near 90°, which limits the maneuverability of the UAV. To overcome this
problem, based on the quaternion attitude representation, a 6 degree of freedom(DOF) nonlinear controller of a quadrotor UAV is
designed using the trajectory linearization control(TLC) method. The overall controller contains a position sub-controller and an attitude
sub-controller. The two controllers regulate the translational and rotational motion of the UAYV, respectively. The controller is improved
by using the commanded value instead of the nominal value as the input of the inner control loop. The performance of controller is
tested by simulation before and after the improvement, the results show that the improved controller is better. The proposed controller is
also tested via numerical simulation and real flights and is compared with the traditional controller based on Euler angles. The test
results confirm the feasibility and the robustness of the proposed nonlinear controller. The proposed controller can successfully solve the
singularity problem that usually occurs in the current attitude control of UAV and it is easy to be realized.
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widely used due to its simplicity””. And the slide mode
1 Introduction controller is popular for it can be used to deal with the
system model uncertainty'”’. These controllers can usually
work in the conditions when the attitude of the aircraft
varies smally. Currently, many research groups are focusing
on improving the quadrotor UAV’s ability to aggressively
maneuver and interact with the environment. For example,
MELLINGER, et al'"'? studied how to control a
quadrotor UAV to enable aggressive maneuvers such as
flying through narrow, vertical gaps and perching on
inverted surfaces with high precision and repeatability. YU,
et al'! and DING, et al'¥, proposed a multi-propeller
multifunction aerial robot(MMAR) capable of flying,
wall-climbing and arm-operating. These maneuvers require
a higher performance controller for quadrotor UAVs.
However, most of the controllers are designed based on the
representation of the Euler angle. These controllers suffer
from a singularity problem when the pitch angle of the
UAV is near 90°. One method to overcome this problem is
to use the exponential coordinate, and numerous studies

In recent years, micro unmanned aerial vehicles(UAVs)
with stable hovering flight and vertical take-off and
landing(VTOL) capabilities have gained in popularity
among researchers and hobbyists. They are appropriate for
many applications, such as intelligence, rescue,
surveillance, reconnaissance and various other similar
missions. The quadrotor UAV is a four-rotor aerial robot
with VTOL ability. The translational and rotational motion
of a quadrotor UAV is realized by varying the speed of the
four rotors. Compared with a traditional helicopter, the
quadrotor UAV does not contain complex mechanisms. Its
major advantages are that it offers a larger payload and is
simpler to operate.

The quadrotor UAV is nevertheless an under-actuated,
nonlinear, and strongly coupled system with 6 degrees of
freedom(DOF). Consequently, the development of a
reliable quadrotor UAV flight control system is a
challenging task. Researchers have investigated many have focused on exponential coordinate-based tracking

. _ [15-16] [17]
control techniques for quadrotor UAVs such as PIDU'?, ~ control™ . For example, YU, et al", proposed a
slide mode®™™, LQRE™ and back-stepping™™. PID is exponential (?oordlnated-based tracking controller for
quadrotor. This type of method has been proven to be
effective in theory. However, for experimental activity, it is
* Corresponding author. E-mail: xlding@buaa.edu.cn necessary to design an observer to estimate the exponential
Supported by National Science Foundation for Distinguished Young . . .
Scholars of China(Grant No. 51125020), National Natural Science coordinates from the angular velocities. Real-time
Foundation of China(Grant No.51505014), and China Postdoctoral —implementation of this algorithm is challenging. Another

Science Foundation(Grant No. 2016T90024 Ly . .
( ) method to avoid singularities is to use quaternions. LIU, et
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al'"® proposed a quaternion-based attitude controller for
quadrotor UAV and proved its stability. The quaternion
attitude representation is usually applied to integrated
navigation"”. At present, UAV navigation systems can
usually output the attitude in the form of a quaternion,
which simplifies the task of designing a UAV controller
based on the quaternion attitude representation. Compared
with the Euler angle, the other advantage of a quaternion is
that it requires only algebraic and not trigonometric
operations, thus reducing the computational workload.

A quadrotor UAV is a nonlinear system; to improve the
performance of the controller, a nonlinear control method is
needed to design the controller. The trajectory linearization
control(TLC) method, presented by HUANG, et al®, is a
novel nonlinear tracking and decoupling control technique.
It combines nonlinear dynamic inversion and linear
time-varying feedback stabilization in a novel way.
Nonlinear tracking and decoupling control via TLC can be
viewed as an ideal gain-schedule controller designed at
every point along the trajectory. Thus, TLC provides robust
stability without interpolation of control gains. More
importantly, compared with the conventional gain
scheduling controller, tuning the parameters of a controller
designed via TLC is simple.

In this paper, based on the quaternion attitude
representation, we present a new nonlinear trajectory
tracking controller for a quadrotor UAV. A control model of
the UAV based on the quaternion representation of attitude
is derived. The attitude of the UAV is 3 dimensional(3D);
however, the quaternion has 4 elements. Thus, a
redundancy problem exists when using the quaternion to
represent attitude. This problem is carefully solved in the
design of the attitude controller. Moreover, the position and
attitude controller, according to the quaternion-based model,
is constructed using the TLC method.

This paper is structured as follows. The control model of
the quadrotor UAV based on the quaternion is introduced in
section 2. The TLC controller design, which is based on the
derived model, is described in section 3. Section 4 presents

several simulation and flight test results. Finally,
conclusions are given in section 5.
2 Dynamic Model of a Quadrotor UAV
2.1 Introduction of quaternions
The quaternion attitude representation is a four-

parameter representation based on the fact that any rotation
of a rigid body can be described by a single rotation around
a vector n that is defined with respect to the reference
frame!”'). It is possible to define a quaternion as

a cosn
b| | /m)sing

=" =" 1

b c| |@m,/msing|’ M
d) \(n./n)sinn

where f is a four-element vector and a, b, ¢ and d are its

four components, which are functions of the orientation of
this vector and the magnitude of the rotation. The
parameters 77, , 77, , . are the components of the angle

vector x, and 7 is the magnitude of 5. Unlike Euler

angles, quaternion rotations can change their single axis
continuously and therefore do not require a set of
predefined rotation axes. This method of rotating around an
arbitrary direction has only one axis of rotation and does
not lose degrees of freedom; therefore, there are no
singularities. The quaternion elements satisfy an equation
of constraint, which is called the normality condition and is
represented as follows:
a+b* P 4d*=1. )
2.2 Model of the quadrotor using quaternions
Disregarding the aerodynamics and the gyroscopic effect
induced by the propellers, the quadrotor UAV can be
idealized as a 6-DOF rigid body. The rigid UAV motion can
be decomposed into translational motions and rotational
motions. The coordinate frames and the configuration of a
rigid quadrotor UAV are illustrated in Fig. 1, where 2, is
the earth-fixed frame and 2}, is the body-fixed frame. The
attitude of the body-fixed frame 2}, to the earth-fixed frame
2. is defined by three Euler angles, denoted as roll, pitch,
and yaw angle in the aircraft convention.

Xe

e

Fig. 1. Rigid quadrotor UAV configuration

The attitude of the UAV is the rotation of the body-fixed
frame with respect to the earth-fixed frame; it can be
represented by a rotation matrix based on a quaternion. The
rotation matrix is represented as*?

@+ - —d* 2(bc—ad) 2(bd +ac)
R =| 2bctad) &b+ —d° 2(cd —ab) |,
2(bd —ac) 2Acd+ab)  a* —b* - +d*
3)

where R; represents the rotation matrix. The kinematics

equation for translational motion is given by
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P=v, 4)

where the position P and velocity v of the quadrotor UAV
are described relative to the earth-fixed frame.
The dynamics equation for translational motion is

y=—F, )

where F and m represent the overall force of the UAV in
the earth-fixed frame and the mass of the UAYV,
respectively.

The kinematic equation for rotational motion in a
quaternion is given by

-b —c —d

1la —-d ¢ P
ﬁ’—C(ﬁ’)w—E i o sl (6)

— b a

where w=(p ¢ r)" represents the body roll, pitch, and
yaw velocity, respectively, of the UAV in the body-fixed
frame.

The dynamic equation for rotational motion can be
expressed as follows™*":

o=J"'(M—-oxJo)=

Jrpq+Jhqr gl 0 g
JOpP I+ T pr+ 0 gl 0 (M, (7)
J P4+ J.qr g 0 g,

where M and J represent the control torque and the inertia
tensor with respect to the body-fixed frame attached to the
mass center of the UAV, respectively; the coefficients J,
and g, are defined as the mass moments of inertia of the
airframe. Due to the quadrotor UAV symmetry, J,,=J,.=0;

thus, J;, and g; with J,, J,, J., and J. can be
expressed as'®’
Jpg =Jeyy =J. = ID ==y,
Jp =" =, J =D,
Ty ==,
Yy
sz — JZZJ_ Jxx ,
w
Ty = oy =J0 = I 2D, ®
g =—J..D,

g =—J.D=g.,

gm J}’}’ ’
g, =—J.D,
” 1
o e

The torque M and force F are used as virtual controls in
Egs. (5) and (7). A quadrotor UAV is actuated by four
identical propellers, as shown in Fig. 1. The thrust 7; and
the reactive torque O, generated by the propeller i can be
expressed as*¥

T, = kl'Qiz’ 0 = kd-Qi2 > )

where (2. represents the rotational speed of the propeller 7,
and k; and k4 are proportional parameters that depend on the
density of air and the shape, size, and pitch angle of the
blades, as well as other factors'®”.

4
The total thrust T :ZTi and the body moment M,
i=l1
generated by the propellers' force and torque can be
expressed as

lox
M, |
:L =
T _Q32
fen
—*/Earrkt —erkt \/Edrkl ﬁdrkt o
4 4 4 4 i
.Qz
erkt —erkt —erkt ﬁdrkt ° 1
4 4 4 4 Q2
—k k _
d d ky kg Qj
kt kt kt kt
(10)

where d, represents the distance between the diagonal pair
of propellers. The gyroscopic effects induced by the
rotational motors and propellers are given by*"

M :i']r(wxez)(—l)iﬂ,- ;

i=l1

(11)

where J; is the moment of inertia of one motor-propeller
and e.=(0, 0, 1)". Thus, the total moment M can be
expressed as

M=M, -M,;. (12)
The propellers are in a body-fixed configuration; only a

vertical propulsive force T can be generated. Thus, the total
forces F can be expressed in the earth-fixed frame as

0 ) (0 ) [sen(v,)Cp?
F=R:|0 |+|0 |—|sgn(v,)CpV; |, (13)
—-T) \mg sgn(v,)C vaf
41 if v>0,

where Sgn(")_{_l otherwise

and Cp,>0 is the drag force coefficient due to velocity in
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units of N » m*/s”. The velocities v,, v, and v, are expressed
in the earth-fixed frame, and g and m represent the gravity
constant and mass of the UAV, respectively.

3 TLC Design Using Quaternions

The control model of a rigid quadrotor UAV based on
quaternions is given in Eqs. (4)—(13). In this section, we
design the position and attitude controller of a rigid body
based on this model using the TLC method.

3.1 TLC controller structure
Here, we briefly introduce the TLC method used to
design the position and attitude tracking controller!?® %°!,
The nonlinear dynamic system can be expressed as
follows:

where é‘(t)ER" , ,u(t)ERl, n(t)GRm are the state,
input and output, respectively, and the mappings f(--):
R"xR'—R" and #(,):R"xR'—R"” are bounded
and locally Lipschitz, respectively. Let & (), #(t), 7(¢)
be the nominal state, nominal control, and nominal output
trajectories, respectively, satisfying

_ 15)
w(0)= h(E(0). ()
The tracking errors are defined by
E(r)=¢(r)—¢(0),
l0) = u(0)- A (1) (16)
a(t)=n()=n (),

where é;(t), A(t) and 7(r) represent the state, input
and output tracking error of the UAV, respectively. The
state and output tracking error dynamics can be written as

As shown in Fig. 2, the control consists of two parts: an
open-loop dynamic inverse I/O mapping of the plant to
compute the nominal control function () for any given
nominal output trajectory 77(1‘ ) and a closed-loop tracking
error stabilizing control law ﬁ(é‘,f to account for

modeling simplifications, uncertainties, disturbances and
excitations of internal dynamics.

a()

Inverse
dynamics

E()=0(1)

S()y=n()

—mf(t) Stabilizing 'u(t)r B

Nd controller

f

Plant
model

Fig. 2. TLC controller

The TLC method has been successfully applied to
several types of vehicles” . In these applications, all
control loops of the controller are designed according to the
nominal value, except the first control loop. The tracking
control law of the outer control loop is not transmitted to
the dynamic inversion of the next control loop. Therefore,
the dynamic inversion of the inner control loop does not
have any correction effect on the outer control tracking
error; the position control allocation must calculate
separately the nominal attitude command and corrective
attitude command.

Based on the above analysis, the control structure and
robustness are improved using the commanded value that is
corrected by the tracking error control law instead of the
nominal value as the input of the dynamic inversion of the
inner control loop to suppress the error, together with the
stabilizing controller. Another advantage of the improved
control structure is that the position control allocation
calculates the attitude command by using a force command
directly, which simplifies the design of the controller. The
improved controller structure is shown in Fig. 3. The
controller consists of two parts, namely, position control
and attitude control, which control the translational motion
and rotational motion of the UAYV, respectively.

3.2 Attitude controller

We start our design with the attitude controller. As shown
in Fig. 3, the attitude controller consists of an outer loop
and an inner loop, which control the attitude and body rate
of the quadrotor UAYV, respectively. The attitude controller
receives the attitude command and total thrust force
command from the position controller and calculates the
actuator speed command for the UAV.

3.2.1 Outer loop control

The outer loop of the attitude controller is designed
according to the rotational kinematics of Eq. (6), but the
equation cannot be inverted directly. We can rewrite this
equation as

B=C(p)o=H(p)r =

a —-b —c —d|f0

b —d
1o 1171, (18)
2lc d a —bl|q

d —c b a llr
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Fig. 3.

where r:(O, o' )T The nominal body angular

velocities are obtained by inverting Eq. (18) as follows:

Qnom
_bnom Qnom nom Chom || 7
=2 d b oo 19
@Dhom = <] "Chom  “%om  %nom nom ¢ » ( )
nom
_dnom cnom _bl’lom nom .
dnom
where  dyom>  Dyoms  Cnom»  dpon are calculated from

Gnom> Dooms Cnom» @nom Using the second-order pseudo-
differentiator with a transfer-function”, i.e.,

2

Gy(s) “od” 20)
s)= .
¢ s +2§da)n’ds—|—a)id
The error dynamics of the loop are given by
ﬂerr = C(ﬂnom )wctrl . (21)

The attitude error is defined as the difference between the
sensed values and the command values, i.e.,

ﬂerr = ﬂsen _ﬂcom . (22)
The feedback control law for the loop is given by
Oy = _KP3 (t)ﬂerr - KB (t)fﬂerr . (23)

For the outer loop of the attitude controller, we augment
the state variables with the integral of the quaternion and
define the control input and state variable vector as

Six-DOF trajectory linearization controller block diagram

ﬂaug:f”’dteRs, p=t. (24)
p

From Eq. (24), the augmented nonlinear state space model
can be expressed as follows:

ﬂaug :f3(ﬂaug7:u3): (25)

o]
H(pr)

Via the TLC method, the augmented linearized tracking
error system can be expressed as follows:

ﬁaug = A}ﬁaug +B3i > (26)
where 7 is the tracking error control law for the outer

loop and ﬁaug is a vector containing the tracking error
state variables, as follows:

i | # s

g (27)
ﬂ - ﬂcom

The Jacobian matrices A4; in Eq. (26) are expressed as
follows:

_ 9
3 OB

aug

; (28)

g ™

where O, is a 4x4 null matrix, E, denotes a 4x4 identity
matrix, and A3y, is given by

I(H (p)T)
op

A322 - [ Prom -@nom ] -
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0 “Prom  “9hom  hom

l pnom O rnom

—anm

29
2 Gnom  Thom 0 Prom ( )
Thom 9rom ~Phom 0

The Jacobian matrices B; in Eq. (26) are expressed as
follows:

of; 0,4
B =25 |-k 30
3 860 /Iaugvr B321 ( )
where O, is a 4 x4 null matrix and Bj;; is given by
O(H(B)7) ]
B = | = H =
321 [ or Prom »@nom (ﬂnom)
anom _bnom _cnom - nom
1|5, nom Bhom _dnom Chom (3 1)
2 Chom nom %hom _bnom
dnom _cnom bnom anom

For outer loop attitude quaternion errors, the state
feedback control law is designed as

F=—K, (32)

aug °
where K :(KB lKP3). Thus, the closed-loop system

matrix can be determined in decoupled multi-variable
phase-variable canonical form as follows:

0, | E,
Ay =|rt-r-2 (33)
N Acl31 : Acl32
where Acl3 1 Zdiag(—a3j1 ), Acm:diag(—am) and the

coefficients as,(j=0, 1, 2, 3; k=1, 2) are obtained from the
closed-loop characteristic equation with the desired
damping ratio and bandwidth. According to the theory of
PD-eigenstructure!®®), the coefficients can be expressed as

ay (1) =y ; (1), a5 () =260, ; (1) —— 34
where @, ; (t) is the natural frequency and ¢, is the
damping ratio; j=0, 1, 2, 3 represents the four channels.
Frompu, =7 :(0, wT)T, we know that the augmented
linearized tracking error system actually has only three
channels; the first channel does not exist. Thus, a3y and
030, can take any value. 4.3, and A3, can be rewritten as
Az=diag(0, —as3;) and A3,=diag(0, —asp,), respectively,
where j=1, 2, 3 represent the 3 attitude channels.

Based on (26)(33), we can obtain A;—B;K;=A.; and
express the gain matrices as follows:

Koy (1) = H ' (B N(Asyy — Ayzy) =

(kp31 kp32 kp33 kp34) > (35)
where
bnomp nom + ChomZnom + dnom Thom
k — anom pnom - CHOHI rnom + dnomqnom
p3 l anom anm + bnom rnom - nom pnom ’
Dnom’hom bnom Dnom + Chom Prom
2bnom 312~ ApomProm ~ Cnom’nom T dnoanom
k o= 2’anom a312 + bnom Prom — Chom@nom dnomrnom
’ bnom qnom - anom rnom - 2'dnom C(312 + Cnom pnom ’
2cnomcl312 + AnomTnom + bnom Thom + dnom Prom
chom 327 — Arom9nom + bnom Thom — dnompnom
k = Zdnom a3 + Qnomom + bnom Dnom + Chom Prom
b 2anom A3y — bnom Prom + CromDnom — dnom Thom ’
Cnom’nom ™ @nom Pnom — anam a3 + dnomqnom
Zdnom O35 — Qpom’nom — bnom Gnom 1 CnomProm
k = bnom rnom - anom qnom - 2a3320n0m + dnom pnom )
P 2bnom 33, + nom Pnom + Chom’hom + dnomqnom
2anom O3 — bnompnom ~ CoomTnom T+ dnomrnom

KI3 (Z) = 7H7] (ﬂnom)AclSl =

0 2bnom O3y chom O3y Zdnoma331

0 2anom O3y 2dnoma?)Zl _2cnom 33 (36)
0 _Zdnoma311 2anoma321 2bn()m0’1331 .

0 chomaSII 72bnoma321 2anomaﬁl

The output of the outer loop attitude control is given by

Oom = Dyom + Dy > (37)
where @, is the commanded body angular velocity vector,
which is output to the inner loop.

3.2.2  Inner loop control

Because the design process of each control loop is
similar, we will focus on the final design results. The inner
loop of the attitude controller is designed according to Eq.
(7), which describes the dynamics of the rotational motion.
The nominal body torque is calculated by inverting the
equation as

x,nom

M =M =

nom y,nom

M

z,nom

- Jyy )qcom Teom — sz (I;com T Gcom Peom )
Jxvqcom + (Jxx - Jzz )pcom Teom + sz (pgom - rc%)m )
Jzz fcom + (Jyy - Jxx )qcom Deom + sz (qcom Teom — pcom )

Jxxﬁcom + (JZZ
»(38)
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where pcom, qcom’ ’i:om are calculated from Peom> Yeom >
Tom» respectively, using the second-order pseudo-
differentiator in Eq. (20).

The PI feedback control law for the attitude inner loop is
given by

Mctrl = _KP4 (t)werr - KI4 (t)fwerr ) (39)

where the body angular velocity error
o, =0, —o,. and the inner loop PI feedback control
gain matrices are expressed as

tracking

Ky, ()= (kp4l kp42 kp43) > (40)

where
Jxx (J[I:q qcom + a412 ) - sz J;q qcom
J}y (2‘],5[7 Pcom + JZ) Teom ) >

_sz (Jﬁq 9com + 0!412) + Jzz J;q 9com

kp4l =

Jxx (Jﬁq Peom + J ot

gr'com

) - sz (J;q Pcom + qurrcom )

Jyy 27%)) b

_sz (J[[:qpcom + J:frrcom) + Jzz (J;q Deom T Tyt )

gr'com

kp42 =

J JE

XX qr qcom

- sz (Jz;r Geom T 0!432)
Jyy (ZJIiIrrcom + JZr Peom ) >
Yz Jq’; 9com + Jzz (‘](;r 9com + a432)

kp43 =

—J Qs
J Oy 0

(41)

J 0

Then, the output of the inner loop attitude control is
given by

Mcom:M +M

nom ctrl »

42)
where M, is the commanded body torque vector, which is
output to the attitude control allocation.

3.2.3  Attitude control allocation

Attitude control allocation is performed to calculate the
actuator speed command for the quadrotor UAV. The speed
command is calculated by inverting Eq. (10) as

=I!

[Mcom—i_MG]' (43)

T,

com

This step completes the attitude controller design.

3.3 Position controller

We now present the design of the position controller. As
shown in Fig. 3, the position controller consists of an outer
loop and an inner loop, which control the position and
velocity, respectively, of the quadrotor UAV. The position
controller calculates the attitude command and total thrust
force for the attitude controller by using the position
command.

3.3.1 Outer loop control

As shown in the first loop from the left in Fig. 3, the
outer loop of the position control consists of a dynamic
inversion and a PI controller. The nominal velocity is
obtained by inverting Eqgs. (4), which describes the
kinematics of the translational motion, as

(44)

where P is

 om calculated from P,

using the
second-order pseudo-differentiator in Eq. (20).
The position error is defined as the difference between

the sensed values and the command values, i.€.,

I)crr = I)SCH Pcom (45)
The error dynamics of the outer-loop are given by
Perr = Veul - (46)

The feedback control law for the outer loop is given by

v —Kp (DP,

— K, [ P, C)

otrl —

The position loop PI feedback control gain matrices are
given by

o1, 0 0
Ky () =—45,=| 0 a5 0|, (48)
0 0 a5
ay, 0 0
K ()=—4y,=| 0 ay 0|, (49)
0 0 a5
where  Aq=diag{-ai;1}, Aaip=diag{-op} and the

coefficients a(j=1, 2, 3; k=1, 2) are the control
parameters of the system. The output of the outer loop is
the velocity command given by

(50)

Veom = Vnom + Vel »

where v, is the commanded velocity vector, which is the
input to the inner loop of the position controller.
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3.3.2  Inner loop control

The inner loop of the position controller is designed
according to Eq. (5), which describes the dynamics of the
translational motion. The nominal force is calculated by
inverting this equation as

x,nom vx,com
Fnom = Fy,nom =m vy,com > (51)
F, v

z,nom z,com

where Vicoms Vycoms Vieom are calculated from Vi coms

Vy,com s Vz,com’

pseudo-differentiator in Eq. (20). We now define the error
dynamics and design the stabilizing controller. The error
dynamics of the earth-fixed frame velocity are given by

respectively, using the second-order

1
Verr _Fctrl > (52)
where
Verr = Vsen — Yeom - (53)
The inner loop feedback control is given by
Fctrl = _KP2 (t)verr - KI2 (t)f Verr - (54)
The velocity loop gain matrices are given by
o, O 0
Kp,(N=—mAp, =m| 0 ap, 0 |, (55)
0 0 ay
ay,, O 0
K, (t)=—mAyp =m| 0  ay 0 (56)
0 0 ay

The output of the inner loop is the force command given

by
Feom = From + Fo - (57)

3.3.3 Position control allocation

The position control allocation unit takes the force
command as its input and calculates the attitude angles and
the total thrust force along the body Z, axis as its output.
The attitude of the quadrotor UAV is the rotation of the
body-fixed frame with respect to the earth-fixed frame,
which can be represented by a direction cosine matrix,
denoted by the symbol R{, as

1 G G
Rg:("l n "3): €1 Cpn Cxf. (58)

G G O3

From Egs. (13) and (51), we can calculate r; using

"o

Il £ [l ’

= (59)

F.+sgn (vx)CDva
where 7, = EV +sgn (V},>CDVV}2,

F, —mg+sgn (vz ) Cpv?
Note from Fig. 1 that the total force vector in the
body-fixed frame does not depend on the yaw angle; thus,
w can be assigned to any value. In practice, however, the
yaw angle is assigned to the heading angle so that the X,
axis of the quadrotor UAV will always be aligned with the

heading direction. The yaw angle y can be calculated by
solving the following equation*":

V= arctan[ (60)

nom ]
Xnom
The column r of the rotation matrix projects onto the

reference plane(X.0.Y.), i.e., the unit vector a, can be
expressed as

a :(cosy/,sinl//,O)T. (e1)

r; can be derived according to the following relationship:

L (62)
[,
where b= B ,e.=(0,0, .
e. xa|,

Because the direction cosine matrix is an orthogonal
matrix, according to the right-hand rule, r, can then be
calculated as

K =KX (63)
For small angular displacements, the quaternion
parameters may be derived using the following
relationships!?'):
1 12
E(Cll tey +C33>
anom 1
b K(Csz - ‘723)
B =| ™ =] ] (64)
nom —(c —C
» 4anom( 3 —Cn)
1
—I\CHy — €,
4an0m ( 21 12)

According to Fig. 3, the allocation unit does not include
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the attitude thus, Boom = Boom- A  more
comprehensive algorithm for the extraction of quaternion
parameters from the direction cosines can be found
elsewhere®). The total thrust force command T, is sent
directly to the actuator and can be obtained from Eq. (13)
as

error;

Tcom :_\/F;2+EV‘Z+F;2 > (65)

_ 2
Where Fx - Fx,com + Sgn (Vx,com>CDvi,com H

_ 2
F;/ - F;z,com + Sgn(vy,com)Cvay,com H
_ 2
sz - sz,com —mg + sgn (vz,com )Cvaz,com .

We now have the complete quaternion-based nonlinear
controller for the quadrotor UAV.

4 Test Results

4.1 Simulation results

To evaluate the performance of the proposed control
method, we performed simulation tests using the MATLAB
R2012b/SIMULINK environment. In the simulation, the
quadrotor UAV parameters used are chosen as m=2.605 kg,
J=22 89555 gemm’, J=diag(4.88x107 4.87x107,
8.33x10 kg e m’, k=8.02x107 Nm/(rad*s')’, k=
2.63x107° N/(rad * s, d,=0.67 m, Cp,=0.01 N » m*/s’,
and g=9.8 m/s>. Each quadrotor UAV motor-propeller is
modeled as a two-order inertial system; the damping
coefficient and the natural frequency of the inertial system
are set to 0.707 and 30 rad/s, respectively””. The other
coefficients chosen for the simulation are given in Table 1
and Table 2.

Table 1. Control coefficients in the position controller

Natural frequency ~ Damping ratio
Control loop  Channel number

o/(rad + s7) ¢

X channel 0.05 1.414

Outer loop Y channel 0.05 1.414
Z channel 0.05 2

X channel 0.2 1.414

Inner loop Y channel 0.2 1.414
Z channel 0.2 2

Table 2. Control coefficients in the attitude controller

Control loop  Channel number

Natural frequency ~ Damping ratio

w,/(rad +5°) ¢
Roll channel 0.8 1414
Outer loop Pitch channel 0.8 1.414
Yaw channel 0.8 1.414
Roll channel 4.8 1.414
Inner loop Pitch channel 4.8 1.414
Yaw channel 4.8 1.414

Three simulation test cases are presented in this paper: A)
attitude tracking control based |on quaternion and Euler

angles, B) evaluation of robustness based on quaternion
control, and C) comparison of the tracking performance of
the traditional structure controller with that of the proposed
controller.

4.1.1 CaseA

To verify whether the proposed controller based on the
quaternion can effectively eliminate the singular point
associated with the Euler angle controller, simulation tests
with a pitch angle of approximately 90° are carried out
based on the Euler angle controller and the
quaternion-based controller. For these tests, the position
control loop is not considered; only the attitude loop is
tested. The attitude angle command of the simulation input
i8S G =0, 6, =1/2+02sin(0.87) and ., =0.
The relationship between the attitude represented by the

quaternion and the Euler angles is

acom
b
ﬂcom com —
ccom
dcom
o,
cos ¢com cos com cos ‘//com +sin ¢C0m Sin 600:11 Sin l//com
2 2 2 2 2 2
Sin ¢com cos ecom cos Wcom —Cos ¢com Sin ecum Sin Wcom
2 2 2 2 2 2
cos ¢c0m Sin ecom cos ‘//Com + Sin ¢com cos Hcom sin Wcom
2 2 2 2 2 2
o, 6,
cos ¢com cos com Sin ‘/lcom + Sin ¢Cam Sin com cos l//com
2 2 2 2 2 2
(66)

From Eq. (66), we can obtain the attitude angle command
B @srepresented by a quaternion. In this case, the force

of gravity on the quadrotor UAV is almost parallel to the
lift. The height cannot be maintained by the lift. Therefore,
in these tests, the height of the UAV is not controlled. The
initial values of the attitude and angular velocity are zero,
the lift is a constant 28 N, and the test conditions for the
two controllers are identical. The test results of the
controller based on Euler angles are shown in Fig. 4.
Because the pitch angle is near 90°, the controller based on
Euler angles cannot realize effective control of the attitude
due to the singular points.

The test results of the quaternion-based controller are
shown in Figs. 5-9. From Fig. 5, it can be observed that the
values of the four elements of the quaternion fluctuate with
the commanded angle, although the changes are in a
reasonable range, and there is no singular point. Fig. 6
shows the tracking effect of the pitch angle. The
quaternion-based controller can still achieve -effective
tracking of the pitch angle; the tracking error is very small
even when the pitch angle is near 90°. Fig. 7 shows the
tracking effect of the angular rate, and Fig. 8 shows the
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values of the motor speeds, which are all in a reasonable
range. Because attitude values represented by a quaternion
are not easily interpreted, the attitude tracking error is
observed via the following method™”’

E=ER,R, )=2— 1+tr(RT R),

com

(67)

Euler angle 7/rad

1000(

Time ¢/s

Fig. 4. Failed Euler angle tracking

=== Beom

o
S
)
S
w
S
I
S
w
S
o)
S

Quaternion 3
|
=N

C
<
[

_ I | | I I I
0 10 20 30 40 50 60
Time t/s

Fig. 5. Quaternion tracking in case A

where R represents the attitude matrix and is calculated by
solving Eq. (58). The expression tr(X) represents the trace
of the matrix X; it can be shown that E(R, R,)=0
only when R=R.,,, and E=0. It can also be shown that the
value of E(R,R, ) increases with the attitude tracking
error. The quaternion-based attitude tracking error is shown
in Fig. 9. Because of the large difference between the initial
attitude and the command attitude, the attitude tracking
error ¢ is initially large, but it converges quickly and
ili i ero, which reflects
bustness of the
show that the

quaternion-based controller does not exhibit any singular
points.

—-=--Ycom

}/SSH

Euler angle 7/(rad)
0
g

0 10 20 30 40 50 60
-
>0
-1 | I | I | ]
0 10 20 30 40 50 60
Time #/s

Fig. 6. Euler angle tracking in case A
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Fig. 7. Angular velocity tracking in case A
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Fig. 8. Actuator speed control in case A
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Fig. 9. Attitude tracking error in case A
4.1.2 CaseB

To verify the proposed controller tracking capability and
robustness properties, the input disturbances and sensor
delays are added to the simulation environment. In the
simulation, 1) the initial position and velocity of the
quadrotor UAV are set to 0 and the attitude angle and the
angular velocity are 0; 2) the external disturbance forces
and moment acting on the simulation platform are shown in
Fig. 10; the force and moment disturbances are pulses of
1.5 s in duration; 3) the sensor delays are shown in Table 3.
The position command is given as follows: the quadrotor
UAV is flying along a spiral path with a radius of 10.6
meters.

g o04r

z My

™~

= 0.3F noon _'_"My

3 i

=) o —M:

s 02r nou

° no !

g .
- 1

_§ 0.1 1 :I

2 no

2 il 1 1 1 |

A 0 20 40 60 80 100 120

Time /s

z 4

< —--oF,

o 3 S A i

g v i

= —F, 1 ]

g 2 .

< H -

= i ]

5 - 1| N

z I N

a | 1 | !: l II 1 |
0 20 40 60 80 100 120

Timet/s

Fig. 10. Torque and force disturbance profile

Table 3. Sensor delay time
Sensor type Delay time #/s
Position 0.5
Velocity 0.2
Angle 0.1
Angle velocity 0.02

The simulation results are shown in Figs. 11-19. It can

be observed from Fig. 11 that the quadrotor UAV can
achieve effective tracking of the position commands under
the action of the controller. The spiral maneuver requires
that the controller maintain high dynamic performance. At
various interference times, there are large position
deviations between the commanded position and the sensed
position; however, the deviations converge quickly, which
demonstrates the favorable robustness of the controller.
Figs. 12—15 show the actual states of the four control loops
of the controller tracking instructions, respectively. From
the figures, it can be observed that the velocity, attitude and
angular velocity initially exhibit large fluctuations in
response to torque and force disturbances, but these
fluctuations are quickly suppressed. Because of the
operation of the controller, fluctuations in the position are
relatively small. Figs. 1618 show the moment, force and
actuator speed commands, respectively; they are all within
a reasonable range. Fig. 19 illustrates the attitude tracking
error, from which we can observe that the attitude error
temporarily increases in the presence of interference
moment and force but soon converges to approximately
zero, it also shows that the attitude tracking error is
relatively small. In summary, these simulation results
demonstrate that the proposed controller exhibits favorable
robustness and the ability to suppress interference.

- Pcom
40 Pgen
£ 30
TN
o |
2|
=3 20
o
A
10
0
Fig. 11. 3D position tracking in case B

Position P/m

0 20 40 60 80 100 120
Time /s
Fig. 12. Position tracking in case B
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) !1!;
—0s | | ! ! ! J 4.1.3 Case C
0 20 40 Timiot s 80 100 120 The control performance of the improved controller and

the traditional controller are now compared. The test

: *» g * i n case B conditions are identical to those of case study B. The two
" i
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controllers’ position, velocity, attitude, and angular velocity -
. . . err,old
of the four control loop tracking errors are shown in Figs. 0.1 — B
err,new
20-23, respectively. Among them, the dotted line and the s 0
subscript “old” represent the traditional old controller data; | | | | | |
the solid line and the subscript “new” represent the —04 20 40 60 80 100 120
improved new controller data. 0.1
o o !
0.10[ = i
S o1 1 1 ! 1 1 )
g 0 20 40 60 80 100 120
0.08 5 o
¥ - \ i
e o 0 7
5 i
e 0.06 01 ! ! ! ! ! J
= 0 20 40 60 80 100 120
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5 0.1
004 .
E < 0 _J.'f\
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0.02F 01 | I I I | |
0 20 40 60 80 100 120
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M AL ! n | - ]
0 20 40 60 80 100 120 Fig. 22. Quaternion tracking error in case C
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Fig. 19. Attitude tracking error in case B 5 T @err,old
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) | I I | | Vo Fig. 23.  Angular velocity tracking error in case C
0 20 40 60 80 100 120

Time ¢/s
/ From the test results, it can be observed that the tracking

errors of all control loops of the two controllers are very
close. However, in the presence of external interference, the

Fig. 20. Position tracking error in case C

———

2 _ve"“’ld new controller's position and speed error are smaller. The
e test results show that the improved controller enables both
» 0# ’k/ V ) a simplified design process and certain performance
~ , , R | | advantages.
o 0 20 40 60 80 100 120
g 1 4.2 Flight results
::) - 0"5- _ A - The prototype, shown in Fig. 24, is a customized
5 ! V quadrotor UAV developed in-house. Its avionics consist
2 2 ' | ! ' ' J primarily of a flight controller, an integrated navigation unit
E 0 20 40 60 80 100 120 .. . T .
2 . and communication systems. The integrated navigation unit
> obtains the actual 3D positions, velocities, attitudes and
) V/‘* angular rates of the UAV and relays them to the flight
y controller. The horizontal positioning accuracy of the
-2 2|0 4|0 6|0 8|0 12)0 1|20 integrated navigation system is 2.0 m; the vertical
Time t/s positioning accuracy is 0.8 m. The velocity accuracy is 0.1
Fig. 21, Velocity tracking error in case C m/s. The roll and pitch accuracy is 0.5°, and the yaw
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accuracy is approximately 1.0°.

Fig. 24. Quadrotor UAV prototype

The flight controller receives commands from the
communication system and calculates the control laws to
drive the propellers. Fig. 25 shows the flight controller
circuit board. The microcontroller used for the flight
controller is a 180 MHz Cortex-M4 CPU with 260 KB
RAM and 2 MB flash memory. The flight controller board
includes a power supply circuit module and contains three
RS232 interfaces, two CAN interfaces, one UART
interface, one SBus interface and 12 PWM outputs.

; l
Power module :
.
§o= @ .

Fig. 25.

Flight controller board

The test flight was performed on a sunny, breezy day
ideal for controller evaluation. The test flight data in terms
of position, velocity, attitude and angular velocity are
shown in Figs. 26-29, respectively. From the figures, it can
be observed that the controller displays good tracking
performance.

Position P/ m

Velocity v /(m«s™1)

71 1 1

40

|
60 80
Time /s

Fig. 27. Velocity tracking in flight

Euler angle 7/rad

—02 ! I | ! |
0 20 40 60 80 100
Time ¢/s
Fig. 28.  Attitude tracking in flight

—-—-- Dcom

— @sgen

Angular velocity  /(rad +s™)

|
60 80 100

Time ¢/s

Fig. 29. Angular velocity tracking in flight

Fig. 30 shows photographs from an actual flight

stability and maneuverability.

performed at our facility. The quadrotor UAV exhibits high
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Fig. 30. Flight tests

5 Conclusions

(1) Compared with the traditional controller based on
Euler angles, the proposed quaternion-based controller
avoids singularities, which is beneficial for quadrotor UAV
mobility and environment interaction.

(2) Based on the quaternion attitude representation, a
quadrotor UAV nonlinear controller is designed via the
TLC method. The test results confirm that the proposed
controller is robust.

(3) Based on the TLC theory, the control structure of the
UAV controller is improved through the use of the
command value, corrected by obeying the tracking error
control law instead of the nominal value to design the inner
loop controller. The test results demonstrate that the
improved controller offers both a simplified design process
and certain performance advantages.
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