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Abstract: At present, most controllers of quadrotor unmanned aerial vehicles(UAVs) use Euler angles to express attitude. These 

controllers suffer a singularity problem when the pitch angle is near 90, which limits the maneuverability of the UAV. To overcome this 

problem, based on the quaternion attitude representation, a 6 degree of freedom(DOF) nonlinear controller of a quadrotor UAV is 

designed using the trajectory linearization control(TLC) method. The overall controller contains a position sub-controller and an attitude 

sub-controller. The two controllers regulate the translational and rotational motion of the UAV, respectively. The controller is improved 

by using the commanded value instead of the nominal value as the input of the inner control loop. The performance of controller is 

tested by simulation before and after the improvement, the results show that the improved controller is better. The proposed controller is 

also tested via numerical simulation and real flights and is compared with the traditional controller based on Euler angles. The test 

results confirm the feasibility and the robustness of the proposed nonlinear controller. The proposed controller can successfully solve the 

singularity problem that usually occurs in the current attitude control of UAV and it is easy to be realized. 
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1  Introduction 

 

In recent years, micro unmanned aerial vehicles(UAVs) 
with stable hovering flight and vertical take-off and 
landing(VTOL) capabilities have gained in popularity 
among researchers and hobbyists. They are appropriate for 
many applications, such as intelligence, rescue, 
surveillance, reconnaissance and various other similar 
missions. The quadrotor UAV is a four-rotor aerial robot 
with VTOL ability. The translational and rotational motion 
of a quadrotor UAV is realized by varying the speed of the 
four rotors. Compared with a traditional helicopter, the 
quadrotor UAV does not contain complex mechanisms. Its 
major advantages are that it offers a larger payload and is 
simpler to operate.  

The quadrotor UAV is nevertheless an under-actuated, 
nonlinear, and strongly coupled system with 6 degrees of 
freedom(DOF). Consequently, the development of a 
reliable quadrotor UAV flight control system is a 
challenging task. Researchers have investigated many 
control techniques for quadrotor UAVs such as PID[1–2], 
slide mode[3–4], LQR[5–6] and back-stepping[7–8]. PID is 
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widely used due to its simplicity[9]. And the slide mode 
controller is popular for it can be used to deal with the 
system model uncertainty[10]. These controllers can usually 
work in the conditions when the attitude of the aircraft 
varies smally. Currently, many research groups are focusing 
on improving the quadrotor UAV’s ability to aggressively 
maneuver and interact with the environment. For example, 
MELLINGER, et al[11–12], studied how to control a 
quadrotor UAV to enable aggressive maneuvers such as 
flying through narrow, vertical gaps and perching on 
inverted surfaces with high precision and repeatability. YU, 
et al[13], and DING, et al[14], proposed a multi-propeller 
multifunction aerial robot(MMAR) capable of flying, 
wall-climbing and arm-operating. These maneuvers require 
a higher performance controller for quadrotor UAVs. 
However, most of the controllers are designed based on the 
representation of the Euler angle. These controllers suffer 
from a singularity problem when the pitch angle of the 
UAV is near 90. One method to overcome this problem is 
to use the exponential coordinate, and numerous studies 
have focused on exponential coordinate-based tracking 
control[15–16]. For example, YU, et al[17], proposed a 
exponential coordinated-based tracking controller for 
quadrotor. This type of method has been proven to be 
effective in theory. However, for experimental activity, it is 
necessary to design an observer to estimate the exponential 
coordinates from the angular velocities. Real-time 
implementation of this algorithm is challenging. Another 
method to avoid singularities is to use quaternions. LIU, et 
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al[18], proposed a quaternion-based attitude controller for 
quadrotor UAV and proved its stability. The quaternion 
attitude representation is usually applied to integrated 
navigation[19]. At present, UAV navigation systems can 
usually output the attitude in the form of a quaternion, 
which simplifies the task of designing a UAV controller 
based on the quaternion attitude representation. Compared 
with the Euler angle, the other advantage of a quaternion is 
that it requires only algebraic and not trigonometric 
operations, thus reducing the computational workload. 

A quadrotor UAV is a nonlinear system; to improve the 
performance of the controller, a nonlinear control method is 
needed to design the controller. The trajectory linearization 
control(TLC) method, presented by HUANG, et al[20], is a 
novel nonlinear tracking and decoupling control technique. 
It combines nonlinear dynamic inversion and linear 
time-varying feedback stabilization in a novel way. 
Nonlinear tracking and decoupling control via TLC can be 
viewed as an ideal gain-schedule controller designed at 
every point along the trajectory. Thus, TLC provides robust 
stability without interpolation of control gains. More 
importantly, compared with the conventional gain 
scheduling controller, tuning the parameters of a controller 
designed via TLC is simple. 

In this paper, based on the quaternion attitude 
representation, we present a new nonlinear trajectory 
tracking controller for a quadrotor UAV. A control model of 
the UAV based on the quaternion representation of attitude 
is derived. The attitude of the UAV is 3 dimensional(3D); 
however, the quaternion has 4 elements. Thus, a 
redundancy problem exists when using the quaternion to 
represent attitude. This problem is carefully solved in the 
design of the attitude controller. Moreover, the position and 
attitude controller, according to the quaternion-based model, 
is constructed using the TLC method. 

This paper is structured as follows. The control model of 
the quadrotor UAV based on the quaternion is introduced in 
section 2. The TLC controller design, which is based on the 
derived model, is described in section 3. Section 4 presents 
several simulation and flight test results. Finally, 
conclusions are given in section 5. 

 
2  Dynamic Model of a Quadrotor UAV 

 

2.1  Introduction of quaternions 
The quaternion attitude representation is a four- 

parameter representation based on the fact that any rotation 
of a rigid body can be described by a single rotation around 
a vector η  that is defined with respect to the reference 
frame[21]. It is possible to define a quaternion as 
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where β  is a four-element vector and a, b, c and d are its 

four components, which are functions of the orientation of 
this vector and the magnitude of the rotation. The 
parameters x , y ,

z  are the components of the angle 

vector η , and   is the magnitude of η . Unlike Euler 

angles, quaternion rotations can change their single axis 
continuously and therefore do not require a set of 
predefined rotation axes. This method of rotating around an 
arbitrary direction has only one axis of rotation and does 
not lose degrees of freedom; therefore, there are no 
singularities. The quaternion elements satisfy an equation 
of constraint, which is called the normality condition and is 
represented as follows: 
 

 2 2 2 2 1a b c d+ + + = . (2) 
 
2.2  Model of the quadrotor using quaternions  

Disregarding the aerodynamics and the gyroscopic effect 
induced by the propellers, the quadrotor UAV can be 
idealized as a 6-DOF rigid body. The rigid UAV motion can 
be decomposed into translational motions and rotational 
motions. The coordinate frames and the configuration of a 
rigid quadrotor UAV are illustrated in Fig. 1, where Σe is 
the earth-fixed frame and Σb is the body-fixed frame. The 
attitude of the body-fixed frame Σb to the earth-fixed frame 
Σe is defined by three Euler angles, denoted as roll, pitch, 
and yaw angle in the aircraft convention. 

 

 

Fig. 1.  Rigid quadrotor UAV configuration 

 
The attitude of the UAV is the rotation of the body-fixed 

frame with respect to the earth-fixed frame; it can be 
represented by a rotation matrix based on a quaternion. The 
rotation matrix is represented as[22] 

 

2 2 2 2

e 2 2 2 2
b

2 2 2 2

2( ) 2( )

2( ) 2( ) ,

2( ) 2( )

a b c d bc ad bd ac

bc ad a b c d cd ab

bd ac cd ab a b c d

æ ö+ - - - + ÷ç ÷ç ÷ç ÷ç ÷= + - + - -ç ÷ç ÷÷ç ÷ç - + - - + ÷çè ø

R

(3) 
 

where e
bR  represents the rotation matrix. The kinematics 

equation for translational motion is given by 
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 =P v , (4) 
 

where the position P and velocity v of the quadrotor UAV 
are described relative to the earth-fixed frame. 

The dynamics equation for translational motion is 
 

 
1

m
=v F , (5) 

 
where F and m represent the overall force of the UAV in 
the earth-fixed frame and the mass of the UAV, 
respectively. 

The kinematic equation for rotational motion in a 
quaternion is given by 
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where ω=(p  q  r)T represents the body roll, pitch, and 
yaw velocity, respectively, of the UAV in the body-fixed 
frame. 

The dynamic equation for rotational motion can be 
expressed as follows[20]: 
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where M and J represent the control torque and the inertia 
tensor with respect to the body-fixed frame attached to the 
mass center of the UAV, respectively; the coefficients J *

**  
and g*

*  are defined as the mass moments of inertia of the 
airframe. Due to the quadrotor UAV symmetry, Jxy=Jyz=0; 
thus, J *

**  and g*
*  with Jxx, Jyy, Jzz, and Jxz can be 

expressed as[23] 
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The torque M and force F are used as virtual controls in 
Eqs. (5) and (7). A quadrotor UAV is actuated by four 
identical propellers, as shown in Fig. 1. The thrust Ti and 
the reactive torque iQ  generated by the propeller i can be 
expressed as[24] 

 
 t
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where i  represents the rotational speed of the propeller i, 
and kt and kd are proportional parameters that depend on the 
density of air and the shape, size, and pitch angle of the 
blades, as well as other factors[25]. 

The total thrust 
4

1
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i
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=å  and the body moment Ma 

generated by the propellers' force and torque can be 
expressed as 
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(10) 
 

where dr represents the distance between the diagonal pair 
of propellers. The gyroscopic effects induced by the 
rotational motors and propellers are given by[24] 
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where Jr is the moment of inertia of one motor-propeller 
and ez=(0, 0, 1)T. Thus, the total moment M can be 
expressed as 

 
 a G= -M M M . (12) 
 

The propellers are in a body-fixed configuration; only a 
vertical propulsive force T can be generated. Thus, the total 
forces F can be expressed in the earth-fixed frame as 
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and CDv>0 is the drag force coefficient due to velocity in 
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units of N • m2/s2. The velocities vx, vy and vz are expressed 
in the earth-fixed frame, and g and m represent the gravity 
constant and mass of the UAV, respectively. 

 
3  TLC Design Using Quaternions 

 
The control model of a rigid quadrotor UAV based on 

quaternions is given in Eqs. (4)–(13). In this section, we 
design the position and attitude controller of a rigid body 
based on this model using the TLC method.  

 
3.1  TLC controller structure  

Here, we briefly introduce the TLC method used to 
design the position and attitude tracking controller[20, 26]. 

The nonlinear dynamic system can be expressed as 
follows: 
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where ( ) Rnt Îξ , ( ) Rlt Îμ , ( ) Rmt Îη  are the state, 
input and output, respectively, and the mappings ( ),f ⋅ ⋅ :
R R Rn l n´   and ( ),h ⋅ ⋅ : R R Rn l m´   are bounded 
and locally Lipschitz, respectively. Let ( )tξ , ( )tμ , ( )tη  
be the nominal state, nominal control, and nominal output 
trajectories, respectively, satisfying  
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The tracking errors are defined by 
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where ( ),tξ  ( )tμ  and ( )tη  represent the state, input 
and output tracking error of the UAV, respectively. The 
state and output tracking error dynamics can be written as  
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As shown in Fig. 2, the control consists of two parts: an 

open-loop dynamic inverse I/O mapping of the plant to 
compute the nominal control function ( )tμ  for any given 
nominal output trajectory ( )tη  and a closed-loop tracking 
error stabilizing control law ( ),μ ξ ξ  to account for 

modeling simplifications, uncertainties, disturbances and 
excitations of internal dynamics.  

 

 

Fig. 2.  TLC controller 
 
The TLC method has been successfully applied to 

several types of vehicles[27–28]. In these applications, all 
control loops of the controller are designed according to the 
nominal value, except the first control loop. The tracking 
control law of the outer control loop is not transmitted to 
the dynamic inversion of the next control loop. Therefore, 
the dynamic inversion of the inner control loop does not 
have any correction effect on the outer control tracking 
error; the position control allocation must calculate 
separately the nominal attitude command and corrective 
attitude command.  

Based on the above analysis, the control structure and 
robustness are improved using the commanded value that is 
corrected by the tracking error control law instead of the 
nominal value as the input of the dynamic inversion of the 
inner control loop to suppress the error, together with the 
stabilizing controller. Another advantage of the improved 
control structure is that the position control allocation 
calculates the attitude command by using a force command 
directly, which simplifies the design of the controller. The 
improved controller structure is shown in Fig. 3. The 
controller consists of two parts, namely, position control 
and attitude control, which control the translational motion 
and rotational motion of the UAV, respectively. 

 
3.2  Attitude controller 

We start our design with the attitude controller. As shown 
in Fig. 3, the attitude controller consists of an outer loop 
and an inner loop, which control the attitude and body rate 
of the quadrotor UAV, respectively. The attitude controller 
receives the attitude command and total thrust force 
command from the position controller and calculates the 
actuator speed command for the UAV. 

 
3.2.1  Outer loop control 

The outer loop of the attitude controller is designed 
according to the rotational kinematics of Eq. (6), but the 
equation cannot be inverted directly. We can rewrite this 
equation as 

              ( )  = ( )= = C β ω H β τβ  

 

0

1

2

a b c d

b a d c p

c d a b q

d c b a r

æ öæ ö- - - ÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷-ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç ç- ÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç-è øè ø

, (18) 



www.manaraa.com

 
 
 

CHINESE JOURNAL OF MECHANICAL ENGINEERING 

 

·81·

  

 

Fig. 3.  Six-DOF trajectory linearization controller block diagram 
 

where ( )TT0,=τ ω . The nominal body angular 

velocities are obtained by inverting Eq. (18) as follows: 
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where nom ,a  nom ,b  nom ,c  nomd  are calculated from 

nom ,a  nom ,b  nom ,c  nomd  using the second-order pseudo- 
differentiator with a transfer-function[20], i.e., 
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The error dynamics of the loop are given by 

 

 err nom ctrl( )C=β β ω . (21) 

 
The attitude error is defined as the difference between the 
sensed values and the command values, i.e., 

 
 err sen com= -β β β . (22) 

 
The feedback control law for the loop is given by 

 

 ctrl P3 err I3 err( ) ( )t t=- - òω K β K β . (23) 

 
For the outer loop of the attitude controller, we augment 

the state variables with the integral of the quaternion and 
define the control input and state variable vector as 
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From Eq. (24), the augmented nonlinear state space model 
can be expressed as follows: 
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Via the TLC method, the augmented linearized tracking 
error system can be expressed as follows: 
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where τ  is the tracking error control law for the outer 
loop and aug

β  is a vector containing the tracking error 
state variables, as follows: 
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The Jacobian matrices A3 in Eq. (26) are expressed as 

follows: 
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where O4 is a 4´4 null matrix, E4 denotes a 4´4 identity 
matrix, and A322 is given by 
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The Jacobian matrices B3 in Eq. (26) are expressed as 

follows: 
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where O4 is a 4´4 null matrix and B321 is given by 
 

nom nom321 , nom
( ( ) )

( )
æ ö÷ç= =÷ççè

=
ø

¶
¶ ÷β ω

H β τ
H β

τ
B  

 

nom nom nom nom

nom nom nom nom

nom nom nom nom

nom nom nom nom

1
       

2

a b c d

b a d c

c d a b

d c b a

æ ö- - - ÷ç ÷ç ÷ç ÷-ç ÷ç ÷ç ÷÷ç - ÷ç ÷ç ÷ç ÷÷ç -è ø

. (31) 

 
For outer loop attitude quaternion errors, the state 

feedback control law is designed as 
 

 3 aug=-  βτ K , (32) 

 

where ( )3 I3 P3=K K K . Thus, the closed-loop system 

matrix can be determined in decoupled multi-variable 
phase-variable canonical form as follows: 
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where Acl31=diag(–α3j1), Acl32=diag(–α3j2) and the 
coefficients α3jk(j=0, 1, 2, 3; k=1, 2) are obtained from the 
closed-loop characteristic equation with the desired 
damping ratio and bandwidth. According to the theory of 
PD-eigenstructure[26], the coefficients can be expressed as 
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3 1 n, 3 2 n,
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j j j j j

j
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t t t t
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
= = -


,  (34) 

 
where ( )n, j t  is the natural frequency and j  is the 

damping ratio; j=0, 1, 2, 3 represents the four channels. 

From ( )TT
3 0,= =μ τ ω , we know that the augmented 

linearized tracking error system actually has only three 

channels; the first channel does not exist. Thus, α301 and 

α302 can take any value. Acl31 and Acl32 can be rewritten as 

Acl31=diag(0, –α3j1) and Acl32=diag(0, –α3j2), respectively, 

where j=1, 2, 3 represent the 3 attitude channels. 

Based on (26)–(33), we can obtain A3–B3K3=Acl3 and 
express the gain matrices as follows: 
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1
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. (36) 

 
The output of the outer loop attitude control is given by 
 
 com nom ctrl= +ω ω ω , (37) 

 
where ωcom is the commanded body angular velocity vector, 
which is output to the inner loop. 
 
3.2.2  Inner loop control 

Because the design process of each control loop is 
similar, we will focus on the final design results. The inner 
loop of the attitude controller is designed according to Eq. 
(7), which describes the dynamics of the rotational motion. 
The nominal body torque is calculated by inverting the 
equation as 
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where comp , comq , comr  are calculated from comp , comq , 

com ,r  respectively, using the second-order pseudo- 
differentiator in Eq. (20). 

The PI feedback control law for the attitude inner loop is 
given by 

 

 ctrl P4 err I4 err( ) ( )t t=- - òM K ω K ω , (39) 

 
where the body angular velocity tracking error 

err sen com= -ω ω ω  and the inner loop PI feedback control 
gain matrices are expressed as  
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Then, the output of the inner loop attitude control is 

given by 
 

 com nom ctrl= +M M M , (42) 
 

where Mcom is the commanded body torque vector, which is 
output to the attitude control allocation. 
 
3.2.3  Attitude control allocation 

Attitude control allocation is performed to calculate the 
actuator speed command for the quadrotor UAV. The speed 
command is calculated by inverting Eq. (10) as 
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This step completes the attitude controller design. 

 
3.3  Position controller 

We now present the design of the position controller. As 
shown in Fig. 3, the position controller consists of an outer 
loop and an inner loop, which control the position and 
velocity, respectively, of the quadrotor UAV. The position 
controller calculates the attitude command and total thrust 
force for the attitude controller by using the position 
command.  
 
3.3.1  Outer loop control 

As shown in the first loop from the left in Fig. 3, the 
outer loop of the position control consists of a dynamic 
inversion and a PI controller. The nominal velocity is 
obtained by inverting Eqs. (4), which describes the 
kinematics of the translational motion, as 

 

 nom nom= v P ,  (44) 
 
where nom

P  is calculated from nomP  using the 

second-order pseudo-differentiator in Eq. (20). 
The position error is defined as the difference between 

the sensed values and the command values, i.e., 
 

  err sen com P P P .  (45) 

 
The error dynamics of the outer-loop are given by 
 

    err ctrl=P v .  (46) 
 

The feedback control law for the outer loop is given by 
 

 ctrl P1 err I1 err( ) ( )t t=- - òv K P K P . (47) 

 
The position loop PI feedback control gain matrices are 
given by 
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t A



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æ ö÷ç ÷ç ÷ç ÷=- =ç ÷ç ÷ç ÷÷çè ø

K ,   (49) 

 
where Acl11=diag{–α1j1}, Acl12=diag{–α1j2} and the 
coefficients α1jk(j=1, 2, 3; k=1, 2) are the control 
parameters of the system. The output of the outer loop is 
the velocity command given by 

 

 com nom ctrl= +v v v , (50) 

 
where vcom is the commanded velocity vector, which is the 
input to the inner loop of the position controller. 
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3.3.2  Inner loop control 
The inner loop of the position controller is designed 

according to Eq. (5), which describes the dynamics of the 
translational motion. The nominal force is calculated by 
inverting this equation as 
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
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F , (51) 

 
where ,com ,xv  ,com ,yv  ,comzv  are calculated from ,com ,xv  

,com ,yv  ,com ,zv  respectively, using the second-order 
pseudo-differentiator in Eq. (20). We now define the error 
dynamics and design the stabilizing controller. The error 
dynamics of the earth-fixed frame velocity are given by 
 

 err ctrl
1

m
=v F ,  (52) 

 
where  
 

 err sen com= -v v v . (53) 
 
The inner loop feedback control is given by 
 

 ctrl P2 err I2 err( ) ( )t t=- - òF K v K v . (54) 

 
The velocity loop gain matrices are given by 
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The output of the inner loop is the force command given 

by 
 com nom ctrlF F F= + .  (57) 

 
3.3.3  Position control allocation 

The position control allocation unit takes the force 
command as its input and calculates the attitude angles and 
the total thrust force along the body Zb axis as its output. 
The attitude of the quadrotor UAV is the rotation of the 
body-fixed frame with respect to the earth-fixed frame, 
which can be represented by a direction cosine matrix, 
denoted by the symbol e

bR , as 
 

 ( )
11 12 13

e
b 1 2 3 21 22 23

31 32 33

c c c

c c c

c c c

æ ö÷ç ÷ç ÷ç ÷= =ç ÷ç ÷ç ÷÷çè ø

R r r r . (58) 

From Eqs. (13) and (51), we can calculate r3 using 

 

 
0

3
0 2|| ||

=-
r

r
r

,  (59) 
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x
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Note from Fig. 1 that the total force vector in the 
body-fixed frame does not depend on the yaw angle; thus, 
ψ can be assigned to any value. In practice, however, the 
yaw angle is assigned to the heading angle so that the Xe 
axis of the quadrotor UAV will always be aligned with the 
heading direction. The yaw angle ψ can be calculated by 
solving the following equation[20]: 
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The column r1 of the rotation matrix projects onto the 
reference plane(XeOeYe), i.e., the unit vector a, can be 
expressed as 
 

 ( )T
cos ,sin ,0 . =a   (61) 

 
r1 can be derived according to the following relationship: 
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where 
2

z

z

´
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´
e a

b
e a

, ez=(0, 0, 1)T. 

Because the direction cosine matrix is an orthogonal 
matrix, according to the right-hand rule, r2 can then be 
calculated as 

 
 2 3 1= ´r r r .  (63) 

 
For small angular displacements, the quaternion 

parameters may be derived using the following 
relationships[21]: 
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According to Fig. 3, the allocation unit does not include 
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the attitude error; thus, com nom.=β β A more 
comprehensive algorithm for the extraction of quaternion 
parameters from the direction cosines can be found 
elsewhere[29]. The total thrust force command Tcom is sent 
directly to the actuator and can be obtained from Eq. (13) 
as 

 

 2 2 2
com x y zT F F F=- + + ,  (65) 

 

where ( ) 2
,com ,com ,comsgnx x x Dv xF F v C v= + , 

2
,com ,com ,comsgn( )y y y Dv yF F v C v= + , 

( ) 2
,com ,com ,comsgnz z z Dv zF F mg v C v= - + . 

 
We now have the complete quaternion-based nonlinear 
controller for the quadrotor UAV. 
 
4  Test Results 
 
4.1  Simulation results 

To evaluate the performance of the proposed control 
method, we performed simulation tests using the MATLAB 
R2012b/SIMULINK environment. In the simulation, the 
quadrotor UAV parameters used are chosen as m=2.605 kg, 
Jr=22 895.55 g • mm2, J=diag(4.88´10–2, 4.87´10–2, 
8.33×10–2)kg • m2, kd=8.02´10–7 Nm/(rad • s–1)2, kt= 
2.63´10–5 N/(rad • s–1)2, dr=0.67 m, CDv=0.01 N • m2/s2, 
and g=9.8 m/s2. Each quadrotor UAV motor-propeller is 
modeled as a two-order inertial system; the damping 
coefficient and the natural frequency of the inertial system 
are set to 0.707 and 30 rad/s, respectively[20]. The other 
coefficients chosen for the simulation are given in Table 1 
and Table 2.  

 
Table 1.  Control coefficients in the position controller 

Control loop Channel number 
Natural frequency 

ωn/(rad • s–1)  

Damping ratio

ζ 

Outer loop 

X channel 0.05 1.414 

Y channel 0.05 1.414 

Z channel 0.05 2 

Inner loop 

X channel 0.2 1.414 

Y channel 0.2 1.414 

Z channel 0.2 2 

 
Table 2.  Control coefficients in the attitude controller 

Control loop Channel number 
Natural frequency 

ωn/(rad • s–1) 

Damping ratio

ζ 

Outer loop 

Roll channel 0.8 1.414 

Pitch channel 0.8 1.414 

Yaw channel 0.8 1.414 

Inner loop 

Roll channel 4.8 1.414 

Pitch channel 4.8 1.414 

Yaw channel 4.8 1.414 

 
Three simulation test cases are presented in this paper: A) 

attitude tracking control based on quaternion and Euler 

angles, B) evaluation of robustness based on quaternion 
control, and C) comparison of the tracking performance of 
the traditional structure controller with that of the proposed 
controller.  

 
4.1.1  Case A   

To verify whether the proposed controller based on the 
quaternion can effectively eliminate the singular point 
associated with the Euler angle controller, simulation tests 

with a pitch angle of approximately 90 are carried out 

based on the Euler angle controller and the 
quaternion-based controller. For these tests, the position 
control loop is not considered; only the attitude loop is 
tested. The attitude angle command of the simulation input 

is com 0 = , com π 2 0.2sin(0.8 )t = / +  and com 0 = . 

The relationship between the attitude represented by the 
quaternion and the Euler angles is 
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 (66) 
 

From Eq. (66), we can obtain the attitude angle command 

comβ  as represented by a quaternion. In this case, the force 

of gravity on the quadrotor UAV is almost parallel to the 
lift. The height cannot be maintained by the lift. Therefore, 
in these tests, the height of the UAV is not controlled. The 
initial values of the attitude and angular velocity are zero, 
the lift is a constant 28 N, and the test conditions for the 
two controllers are identical. The test results of the 
controller based on Euler angles are shown in Fig. 4. 
Because the pitch angle is near 90, the controller based on 
Euler angles cannot realize effective control of the attitude 
due to the singular points. 

The test results of the quaternion-based controller are 
shown in Figs. 5–9. From Fig. 5, it can be observed that the 
values of the four elements of the quaternion fluctuate with 
the commanded angle, although the changes are in a 
reasonable range, and there is no singular point. Fig. 6 
shows the tracking effect of the pitch angle. The 
quaternion-based controller can still achieve effective 
tracking of the pitch angle; the tracking error is very small 
even when the pitch angle is near 90. Fig. 7 shows the 
tracking effect of the angular rate, and Fig. 8 shows the 
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values of the motor speeds, which are all in a reasonable 
range. Because attitude values represented by a quaternion 
are not easily interpreted, the attitude tracking error is 
observed via the following method[30]  

 

 ( )T
com com( , ) 2 1 trE= = - +ξ R R R R ,  (67) 

 

 
Fig. 4.  Failed Euler angle tracking  

 

 

Fig. 5.  Quaternion tracking in case A  
 

where R represents the attitude matrix and is calculated by 
solving Eq. (58). The expression tr(X) represents the trace 
of the matrix X; it can be shown that 

com( , ) 0E ≥R R  
only when R=Rcom, and E=0. It can also be shown that the 
value of 

com( , )E R R  increases with the attitude tracking 
error. The quaternion-based attitude tracking error is shown 
in Fig. 9. Because of the large difference between the initial 
attitude and the command attitude, the attitude tracking 
error ξ  is initially large, but it converges quickly and 
eventually stabilizes to approximately zero, which reflects 
the good tracking performance and robustness of the 
controller. These simulation results show that the 

quaternion-based controller does not exhibit any singular 
points. 

 

 

Fig. 6.  Euler angle tracking in case A  
 

 

Fig. 7.  Angular velocity tracking in case A 
 

 

Fig. 8.  Actuator speed control in case A  
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Fig. 9.  Attitude tracking error in case A 
 
4.1.2  Case B 

To verify the proposed controller tracking capability and 
robustness properties, the input disturbances and sensor 
delays are added to the simulation environment. In the 
simulation, 1) the initial position and velocity of the 
quadrotor UAV are set to 0 and the attitude angle and the 
angular velocity are 0; 2) the external disturbance forces 
and moment acting on the simulation platform are shown in 
Fig. 10; the force and moment disturbances are pulses of 
1.5 s in duration; 3) the sensor delays are shown in Table 3. 
The position command is given as follows: the quadrotor 
UAV is flying along a spiral path with a radius of 10.6 
meters. 

 

 

Fig. 10.  Torque and force disturbance profile 

 
Table 3.  Sensor delay time 

Sensor type Delay time t/s 

Position 0.5 

Velocity 0.2 

Angle 0.1 

Angle velocity 0.02 

 
The simulation results are shown in Figs. 11–19. It can 

be observed from Fig. 11 that the quadrotor UAV can 
achieve effective tracking of the position commands under 
the action of the controller. The spiral maneuver requires 
that the controller maintain high dynamic performance. At 
various interference times, there are large position 
deviations between the commanded position and the sensed 
position; however, the deviations converge quickly, which 
demonstrates the favorable robustness of the controller. 
Figs. 12–15 show the actual states of the four control loops 
of the controller tracking instructions, respectively. From 
the figures, it can be observed that the velocity, attitude and 
angular velocity initially exhibit large fluctuations in 
response to torque and force disturbances, but these 
fluctuations are quickly suppressed. Because of the 
operation of the controller, fluctuations in the position are 
relatively small. Figs. 16–18 show the moment, force and 
actuator speed commands, respectively; they are all within 
a reasonable range. Fig. 19 illustrates the attitude tracking 
error, from which we can observe that the attitude error 
temporarily increases in the presence of interference 
moment and force but soon converges to approximately 
zero; it also shows that the attitude tracking error is 
relatively small. In summary, these simulation results 
demonstrate that the proposed controller exhibits favorable 
robustness and the ability to suppress interference. 

 

 

Fig. 11.  3D position tracking in case B 
 

 

Fig. 12.  Position tracking in case B 
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Fig. 13.  Velocity tracking in case B 

 
 

 

Fig. 14.  Quaternion tracking in case B 
 
 

 

Fig. 15.  Angular velocity tracking in case B 

 

Fig. 16.  Torque control in case B 
 

 

Fig. 17.  Force control in case B 
 

 
Fig. 18.  Actuator speed control in case B 

 

4.1.3  Case C 
The control performance of the improved controller and 

the traditional controller are now compared. The test 
conditions are identical to those of case study B. The two 
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controllers’ position, velocity, attitude, and angular velocity 
of the four control loop tracking errors are shown in Figs. 
20–23, respectively. Among them, the dotted line and the 
subscript “old” represent the traditional old controller data; 
the solid line and the subscript “new” represent the 
improved new controller data. 

 

 

Fig. 19.  Attitude tracking error in case B 
 

 
Fig. 20.  Position tracking error in case C 

 

 
Fig. 21.  Velocity tracking error in case C 

 
Fig. 22.  Quaternion tracking error in case C 

 

 
Fig. 23.  Angular velocity tracking error in case C 

 
From the test results, it can be observed that the tracking 

errors of all control loops of the two controllers are very 
close. However, in the presence of external interference, the 
new controller's position and speed error are smaller. The 
test results show that the improved controller enables both 
a simplified design process and certain performance 
advantages.  

 
4.2  Flight results 

The prototype, shown in Fig. 24, is a customized 
quadrotor UAV developed in-house. Its avionics consist 
primarily of a flight controller, an integrated navigation unit 
and communication systems. The integrated navigation unit 
obtains the actual 3D positions, velocities, attitudes and 
angular rates of the UAV and relays them to the flight 
controller. The horizontal positioning accuracy of the 
integrated navigation system is 2.0 m; the vertical 
positioning accuracy is 0.8 m. The velocity accuracy is 0.1 
m/s. The roll and pitch accuracy is 0.5, and the yaw 
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accuracy is approximately 1.0. 
 

 

Fig. 24.  Quadrotor UAV prototype 
 
The flight controller receives commands from the 

communication system and calculates the control laws to 
drive the propellers. Fig. 25 shows the flight controller 
circuit board. The microcontroller used for the flight 
controller is a 180 MHz Cortex-M4 CPU with 260 KB 
RAM and 2 MB flash memory. The flight controller board 
includes a power supply circuit module and contains three 
RS232 interfaces, two CAN interfaces, one UART 
interface, one SBus interface and 12 PWM outputs.  

 

 

Fig. 25.  Flight controller board 

 
The test flight was performed on a sunny, breezy day 

ideal for controller evaluation. The test flight data in terms 
of position, velocity, attitude and angular velocity are 
shown in Figs. 26–29, respectively. From the figures, it can 
be observed that the controller displays good tracking 
performance. 

 

 

Fig. 26.  Position tracking in flight 

 

Fig. 27.  Velocity tracking in flight 

 

 

Fig. 28.  Attitude tracking in flight 

 

 

Fig. 29.  Angular velocity tracking in flight 

 
Fig. 30 shows photographs from an actual flight 

performed at our facility. The quadrotor UAV exhibits high 
stability and maneuverability.  
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Fig. 30.  Flight tests 

 

5  Conclusions 
 

(1) Compared with the traditional controller based on 
Euler angles, the proposed quaternion-based controller 
avoids singularities, which is beneficial for quadrotor UAV 
mobility and environment interaction. 

(2) Based on the quaternion attitude representation, a 
quadrotor UAV nonlinear controller is designed via the 
TLC method. The test results confirm that the proposed 
controller is robust.  

(3) Based on the TLC theory, the control structure of the 
UAV controller is improved through the use of the 
command value, corrected by obeying the tracking error 
control law instead of the nominal value to design the inner 
loop controller. The test results demonstrate that the 
improved controller offers both a simplified design process 
and certain performance advantages. 
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